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HSC Ext 2 2013 Solution

Multiple choice questions

Q1 (B)
a a’
Q2 (A), Equations of directrices X =t — =+ ———
e Jal+b’
25 25
=+ =+
J25+4 29

Q3 (D), since |Z| <1,
Q4 (A), Letx=a +1,-.a=x—1,".4(x-1)" +(x—1)*
BX=1D)+5=4x" —11x" +...

22‘ < |Z|, and arg(z®) =2arg(z)

Q5 (B), z lies between 2 circles of centre 1, radii %and %

Q6 (D), by completing the square X* — 6X+5 = (x—3)* — 4
Q7 (C),v=rw, where =2z f =27x10=207,

- v=1007z

Q8 (C), Area = (2y)* =4y*> =4(16—x%)

Q9 (B)

Q10 (A), = total — (6 pp in a room) — (5 pp in a room)
=4°-*C, - *C,°C,’C, = 4020

Question 11

() () z+W=2—-i3+(1-iv3)=3-2i\3

(ii)W:Zcis%.

(iii) w** = 2% cis 87z = 2%

) X*+8x+11 4 —3x-1
(x=3)(x*+2) x-3 x*+2°

. A=4B=-3,C=-1

(€)2* +4iz+5=(z—i)z+5i)

(d) jol x> - x> dx

Let u? =1—x*,udu = —xdx.

When x=0,u=1; whenx=1Lu=0

3 57!
2
I =—.[10(1—U2)U2dU=I;(u2—u4)du={u?—u?} ZE

0
(e)Letz=x+iy,2° +7° = (X+iy)’ + (X —iy)’
=2(X* -y )<8,..x* -y <4
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Question 12

(a) Lett= tani,dt = lsec2 idx,.‘. dx = 2dt2
2 2 2 1+t
Whenx:O,t:O.WhenX:%,t:I
— 1
J‘z;dxzj‘ 1 : 2dt2
0 4+5cosX o S5(1-t7) 1+t
4+ >
I+t
2 ! 1 1Y 1 1
=I—2dt=2j4dt:—J. —+——(dt
09—t 03-t)3+t)  3dol3-t 3+t
1
1 1nﬂ =lln2
3 3-t4, 3

(b) Differentiate In y — In(1000 — y) = 5—’; “In3

v,y 1

y 1000-y 50

(1000-y+y ) 1
[y(loOO—y)j_5

r:lmzl(l_ij
50 1000 50 1000

(¢) Using the shells method
oV =~ 27zrhox = 27(4 — X)e*ox
3
V= 2”_[ (4—x)e*dx
1
Letu=4-x,du =—dx

Letdv=e*,v=¢"

‘[3(4 —Xx)e*dx = [(4 - x)ex]l3 + Isexdx
=[@-xe +e | =[(5-xe* | =2¢' - 4e.
-V =27(2¢’ - 4e)=4r (e’ - 2e)

dy —¢C
G dy _dt_pt_ 1
(d)(l)m‘dx‘g‘ A
dt

Eqn of tangent at P, y _L —LZ(X -cp)
p p

P’y —cp=—x+cp
SX+ ply=2cp

(i) Letx=0,y = 2, B[O,EJ
Y Y

Lety =0,x=2cp,.. A(2cp,0)
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(b) () y* = f(x)

Midpoint of AB has coordinates X = O2cp =cp, A
2¢ +0 1

y= pT = E, which are the coordinates of P.

p | -
~.PA=PB 2 3 g
Since ZAOB =90°, A,B and O are on a circle with
centre P.
(iii) Similarly, QD =QC
AP _DQ_1 (i) y =—

AB DC 2 1-f(x)
.. AD // PQ // BC (When parallel lines are cut off 4 y=—f(x)
by 2 transversals, the cut-off segments in one
transversal are proportional to the corresponding
segments in the other transversal) /\
Question 13 -1
1 n
. _ _ 242
@ 1, .[o(l X7)* o A y=1-f(x)
Let u=(1—x*)2,du = —nx(1—x*)> dx
Let dv=dx,v=xX
1

n 1 n,

I, =] x(1-x%)? +nJ.x21—x22 dx >
n [ (1=x7) l JXd=x) A\ \

Lo 25!

=nI (X" =1+D(A-x7)? dx 1
0 =

1 n 1 n, A ’ 1= 1(x)
:—nj (1—x2)2dx+nj (1-x*)% dx o !

0 0 [ i
=—nl_+nl_,. o :
~(n+Dl =nl_,. //// o !

n L : >

. I = I . : I | »
" onsl " Do :
5 3 ! 1 N :
i) 1, =2 1,,0,=21,,1 =IJ1—%dx=— n !
(11) 1, g wh=ghh=) 4area :n: E

of a circle of radius 1= %

| _537[_5_7[

ST 644 32
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(¢) ) ZABC =/ABD+ /DBC=a+ f
since ZABD = ZACD = f and «/DBC = Z/DAC =«
(angles subtending the same arc are equal)
ZACB =90° (semi-circle angle)
. AC AC
ssin(a+ f)y=——=——
(@+p) AB  2r
- AC =2rsin(a + f).
(i1) In AABD (noting ZADB =90°, semicircle angle),
AD AD
sinf=——=——-.. AD =2rsin
p AB  2r p
In AADE,cosa = E,
AD
.. AE = ADcosa =2rcosasin
(ii1) Similarly, EC =2r cos fsin«

In AABC,sin(a + f) = AC _ AE+EC
AB 2r
=sinacos f+cosasin S

Question 14
t

(a) Exact area =I In xdx =[Xlnx—xI =tlnt-t+1.
1

Area of triangle = %(t —1)Int

Exact area > Area of triangle, ..tInt —t +1> %(t —1)Int

2tInt -2t +2>(t—1)Int

t+1)Int>2t-2

.'.1n'[>M fort>1
t+1

(b) Letn=2, Zz|=|1+i|=\/§,.‘. true for n = 2.

Assume |Zn| =+/n for some integer n.

=+/n+1.

n+l|

z,.,=12 1+L =z(1+Lj
n+1 n |Zn| n \/ﬁ

czga|=n 1+ = 4n /n—H=\/n+1.
n n

.. By the principle of Mathematical Induction, it's true
foralln=>2.

(c) (i) sec™@ =(1+tan’O)" = Zn:(E]tanzk 0

k=0

Required to prove that |Z

303
(i) sec® @ =sec’ Osec’ O = Z:{k]tan2k fsec’
k=0

3 3 2 3 4 3 6 2
= + tan” @ + tan” @ + tan” @ ;sec” @
0 1 2 3
3 3 3 3 5
Isecg 0do = tan @ + tan” 0 + tan” 6
0 1 3 2 5

3 7
N tan 9+C
3 7

1
=tan @+ tan’ ¢9+§tan5 ¢9+7tan7 6+C

(d) (i) ZA is common
AD 3 1 AE_4 1 AD_AE

AC 6 2°AB 8 27 AC AB

.. AABC ||| AAED (SAS)

(i1) £B = ZAED (corresponding angles in similar As)
.. BCED is a cyclic quad (interior angle = opposite

exterior angle)
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2, 42 A2
(iii) cos LDEA=> 4 =3 _2
2x3x4 3

..cos ZDEC = COS(ﬂ' - ZDEA) =—cosZDEA= —%

~.CD?=3% 4+ 22 —2><3><2><—§=21
- CD=+21

(iv) Let O be the centre,
/ZD0C = 2(7r - ADEC) (angle at the centre is twice
angle on the circumference)
cos £/DOC = 0082(72' - ADEC)
=cos2/DEC
=2cos’ ZDEC -1
4 1

=2x——l=——.
9 9
In ADOC,CD? =0C?> + OD>

s21=r? +r2+§r2 _20

—20C xOD x cos ZDOC

18
el
189 3\/10

20 10

Question 15

(a) Area A= %|Z||W| sin(@ — ¢), assuming & > ¢.

W —WZ =|z|cis 0| w|cis(—¢) —|w|cis #| z| cis(—0)

= |z||w|(cis @cis(-¢#) — cis cis(-6))

=|7||w](cis(6 — ) —cis(¢ - 0))

=|z||w|2isin(6 - ¢), since cos(6 — @) = cos(p — 0)

and sin (6 —¢) =—sin(¢ - 6)

COIW—WZ =4iA.

(b) () P(x)=ax* +bx’ +cx* +e
P()=-3,-.a+b+c+e=-3 (1)

P(-1)=0,-.a-b+c+e=0 2)
P'(x) = 4ax’ + 3bx” + 2cx
P'(-1)=0,..—4a+3b—-2c=0 3)

(1)—(2) gives 2b=-3,..b = _%

Sub to (3),~4a —g— 2c=0

.'.4a+2c=—2
2

(i) When X =1,m =4a+3b+ 2c =3b + (4a + 2¢)
=3x —i — 2 =-9
2 2
(c) (1) 0.7* =0.24
(i1) Pr(at least 3 cars complete 4 days)
=1-Pr(0,1,2 cars complete 4 days)
=1-0.76° - *C,0.7670.24 - *C,0.76°0.24°
(d) (i) Terminal velocity occurs when v =0,.. mg = kv’
mg

V=

(i1) When the ball goes up, mv:— =—(mg +kv?),
X

taking the direction upward positive
~ J‘O mvdv
mg +kv* Jo
0
H= ——[m(mg kv )}
2 2 2 2
=VL1n 1+ =VLln(l+u—j

29 | mg | 2g
k

m. . mg+ ku?
n—
mg
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(iii) When the ball goes down, mv% =mg — kv

X

J'W mvdv _J-
o Mg — kv?
H=——[1n(mg—kv )}W o 19— kW
0 mg
2
i
29 V.
2
ButH=V—1n( R [V +“]
v’ Zg

.._h{v +u] ( ]

AARNL

v’ vT -w

SVPW VU —wiut =0
c vy 24p2 20,2 1\, 2,2
VW WV = VU
11

St —
utoovtow

Question 16
(@) P(X)=2x’ —15x* +24x+16

P'(X) = 6X* —30X+24 =6(X* —5x +4)
=6(X—-1)(x—4)

=0 whenx=1,4

P(0)=16,P(1)=27, and P(4) =0,... For X > 0, the

minimum of P(X) is 0, which occurs at X = 4.

A

16

(ii) For x> 0,2x> —15x*> +24x+16>0

2%° +10%% +24x +16 > 25x’

By trial and error, 2X* +10x> + 24X +16 =0 when
x=-1.

22X +10X7 + 24X +16 = (X +1)(2%* +8X +16)

= (x+1)(x2 +(x+4)2).

(DX + (x4 4)7) 2 25%°

25x?

X+1

(iii) - X* +(X+4)> >

2
Letx=m+n,(m+n)2+(m+n+4)2ZM
m+n+1
_ 25(m” +n’ +2mn) _ 25(2mn +2mn)

- m+n+l m+n+l

since m* +n? > 2mn.

100mn

SMmEn)y +(M+n+4)° >
m+n+1

(b) (1)) PS + PS'=2a,.. P lies on the ellipse with foci

SandS"
(i1) SP =ePM, where M lies on the directrix

= e[g—acosﬁj =a(l-ecosé)

e QS' acosfd+ae e+cosd
(iii) sin g = = = ,
PS' a(l+ecosd) 1+ecosd

as SP=a(l—-ecosf) and PS + PS'=2a
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. . . QS e—cosé
iv) Similarly, sin /QPS=—=———
) Y Q PS 1-ecosd

Resolving the forces vertically,
T sin f—T sin ZQPS =mg

e+cosd e-—cosd
T - =mg
1+ecos@ 1-—ecosl

. mg -

:ﬁ(e+cos9—e2 cos@ —ecos’ 0
—e° cos

—(e—cos@+e’cos@—ecos’ 0))

B T

 1—¢€%cos

_2T(1-¢%)cosd )
1-e’cos’ 8

(v) Resolving the forces horizontally,

T cos f+T cos ZQPS = mro’

T (EJFEJ =mro’
PS' PS

> (20050 —2¢’ cosH)

PS + PS'
PS x PS'
2a
a(l-ecos@)a(l+ecosb)
2a
a’(1—e’cos0)
But PQ =y, =bsinf =av1-¢€’sind
2_2T\/1—ezsin9
1-e’cosd
(vi) @ ves r* _\/l—e2 sinf  tan@
M 5 g T —eeost Jioe
ro’*~1-e’

g

smreo’ =PQxT

=PQxT

=PQxT

SoMrao

(2)

c.tan @ =
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